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CHUGONG 1

GIOGI HAN VA DPAO HAM CUA
HAM MOT BIEN

1.1 Tap sb6 thuc va giéi han day sb

1.1.1 Tap s6 thuc
1.1.2 Giéi han day sb
1.1.3 Bai tap

Bai 1.1.1. Ching minh cac gidi han sau bang dinh nghia:

1 2n
a) lim —=0. c) lim = 2.
n—+o0o N n—-+oo N + ]_
(=1)"
b) lim = 0. d) lim (n?+1) = +oo.
n—+oo n+ 1 n—-+o00

Bai 1.1.2. Xét sy hoi tu clia cac diy so6 sau:

2n+ 1 c) x, =2

a) tn = n+1"
I\ n 2"
n n!

Bai 1.1.3. Tinh cac gidi han day s6 sau.

y 2n3 —n?+1 - 3l — 25" 4+ 1
VT Y T T
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; Vn?Z+3n+1
C) n—l>r—ir—loo 2n + 1 '

n(n+1)

d —_—
) n—l>r—|I—100 1—|—2n+n3

Bai 1.1.4. Tinh cac gidi han day sb sau.

a) lim (n—+vn2—n+1).

n—-+00

b) lim (VnZ+1—+vnZ+n-—1).

n—-4o00

c) lim n(vVn?+a?2—n).

n——+00
d) lim (n+ V1 —n3).
n—oo

Bai 1.1.5. Tinh cac gidi han day sb sau.

1+2+...+n
1 —2n2

a) lim
n——+00

sinn
b) lim

n—oo N

| 1 1 1
1 1l+—-—4+—=+...+4—).
c)n_gloo<—|—2+22+ +2”)

11 1
d) i <— — —>
) Jm (5t ast MRSy

1.2 Giéi han ham so6 va ham so lién tuc

1.2.1 Gié6i han ham sb
1.2.2 Ham sb lién tuc

1.2.3 Bai tap

Bai 1.2.1. Ching minh céac gidi han ham s6 sau bang dinh nghia.

a) lim(2z +1) = 3.

r—1

b) lim e* = 1.

z—0

22 —4
c) lim — =2.
=2 x4 — 21

d) lim sinz = sina.
Tr—a

Bai 1.2.2. Tinh cac gi6i han ham s6 sau.

2002 —3x +1
a) lim —————

r—1 JTS —1

=22+ —2

b) lim

r—2 $2 —4

. P —r+1
¢) dm o

V4o +2

d) lim
142z

T——00

Bai 1.2.3. Tinh cac giéi han ham s6 sau.
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a) lim (227 + 3z + 1). In(1 + 2z)
72 ¢) lim —— .
z—1 r+1
el sin x
b) lim —— d) lim
x——-1 x—1 r—2 X

Bai 1.2.4. Tinh cac gi6i han ham s6 sau.

a) lim (Va?+az+1-1). ¢) lim (Va2+z+1+a).
T—>+00 r——00
b) i vV143x—2 . V1+2—V1—x

Bai 1.2.5. Tinh cac giéi han ham s6 sau.

tan 2z T+ 1\ 2z
a) lim — . ¢) lim ( > .
z—0 sin 3x z—+oo \x — 1
arctan 22 + 1\ 32%+1
) 1y O (ST
2—0 €T z—o0 \T% + 2

Bai 1.2.6. Tinh cac gi6i han ham s6 sau.

el -1 In(2z +1) — In(z? + 1)
a) lim ———. ¢) lim .
z—1 x°—1 z—0 x
e — e In(cos 2z)
b) lim . d) lim ———
z—0 T z—0 tan“x

Bai 1.2.7. Tinh cac giéi han ham s6 sau

1 ¢) lim zarctan .
a) lim zsin — =0
z—0 x
2
. cosx ' e ®
b) lim : d) lim ——-
=00 I z—+o0 = + 1

Bai 1.2.8. Xét tinh lién tuc ctia cac ham sé sau

e —1 . In(1+22%)
1 neu x = 0. 2 néu z = 0.
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1 —cos2(z—1) 1 32 +1 ,
¢) f(z) = T 1 neur Al fa)=q - mewrzl
0 néu z = 1. 1—2z néu r < 1.

Bai 1.2.9. Tim a dé ham s6 sau lién tuc

(-3 . ) &) flx) = In(z?+2+1) néuz>1
a) f(z)=¢ 2214 neu z 7 2ax + 3 néu z < 1.
\a—i—l néu x = 2.
( em73_1 4
b) flx)=4¢ 22_9 neu z # 3 d) f(z) = e*+1 néuxz<0
| 201 néu x = 3. r+a néuz>0.

Bai 1.2.10. Ching minh ring cac phuong trinh sau c6 nghiém

a) 12 —x = cos . b) 2" - 325 +z+2=0.

1.3 BPao ham va vi phan

1.3.1 Dao ham
1.3.2 Vi phan

1.3.3 Bai tap

Bai 1.3.1. Tinh dao ham cac ham s6 sau bang dinh nghia

a) f(z)=a2>+2r+3tai z = —1. c) f(z)=e" tai z = 1.

b) f(z) = sinz tai z = 0. d) f(z) = In(22 +3) tai o = —1.

Bai 1.3.2. Tinh vi phan cac ham s6 sau

x 22 +1
a) f(x):l,Q—Jrr c) f(13):2$+1‘
b) f(x) = In(1 + sin’ ). d) f(z) = xsin(cosz).

Bai 1.3.3. Tinh dao ham céc ham s6 sau
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5 1 ., In(1 + 2?) .
a) f(z)=¢ @ sin— neux #0 ¢) fla)={ —, — neuz #0
0 néu x = 0. 0 néu x = 0.
241 néuz>1
b) fla) =4 o TS
2—x neuzx<l d) f(z) = x|zl
Bai 1.3.4. Tinh dao ham cap n clla cic ham sb sau
a) f(z) =e*. ¢) f(z) =sinx.
1
b) f(z) = Inz. VI =y
Bai 1.3.5. Xét tinh kha vi clia cdc ham s6 sau
1 ex% néu z > 0
. _ L b —
a) f(z)=< *57 n?ux#o ) §@) {:r; néu z <0
0 neu z = 0.

1.4 Ap dung

1.4.1 Cac dinh Ii gia tri trung binh va khai trién Taylor
1.4.2 Mot s6 bai toan thuc té

1.4.3 Bai tap

Bai 1.4.1. Ki hi¢u C(z) 1a tong chi phi san xuat z don vi san pham.

1. Hay tim téc do thay ddi ctia chi phi san xuat trén méi don vi sdn pham

tai  don vi san pham da dugdc san xuét.

2. Hay udc luong chi phi san xuat san pham tht z + 1 theo tong chi phi

san xuat z sdn pham.

Bai 1.4.2. Biét rang stic ning W tinh bang pound clia mot ngudi trung binh
duge cho béi cong thic

W =510"*h3, 30<h <74
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Trong d6 h 1a chiéu cao ciia nguoi d6 va tinh bang inch. Hiy u6c luong su
thay doi ctia W khi h tang tit 40 len 42.

Bai 1.4.3. Tinh cac gi6i han ham s6 sau

8=

tanxr — x c¢) lim (1 +sin2x)®.
) lim T ) i ( )
z—0 T —sinx
' e2® —9p — 1 d) . sin? x
b) }:g% 12 xlg%) In(cos )’

Bai 1.4.4. Chting minh rang

a) |sinz —siny| < |z —y| v6i moi x,y € R.

T

b) 1<ln(1+x)<xvéimoix>0.

T+
c) ¥ > 1+ x v6i moi x € R.
x> o T
d) x+§<tanx V6l moi x € (0,§>.

Bai 1.4.5. Ap dung vi phan tinh gan dang céc gia tri sau
a) v401. c¢) In(0,982).
b) {/1,012. d) 002,

Bai 1.4.6. Khai trién Taylor ctia cac ham so sau tai lan can clia diem g

a) f(z) =+/z v6i zg = 4. c) f(x) =2° 22" +8r —2 tai v = 1.

b) f(z) = ze® Vi zo = 1. d) f(z) =sinz tai z = 0.

Bai 1.4.7. a) Xap xi ham 86 f(z) = ¢z v6i mot biéu thiic chita cac luy thita
bé hon hodc bang 5 cia (z — 1) va ap dung tinh gan dang /1, 1.

b) Xap xi ham s6 f(z) = cosx véi mot da thic bac 6 clia  va ap dung tinh

gan dung cos 1.

Bai 1.4.8. Chi phi nhién liéu cho hoat dong cho mot dau tau hoa ti le véi
binh phuong van toc va bang 25000 dong moi gio doi véi van téc 40km /h.
Téng céc chi phi khéac 1a 100.000 dong méi gis. Hay xac dinh van toc dé chi
phi chung cho mdi km 13 thap nhat.
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Bai 1.4.9. Mot hinh hop chit nhat c6 day 1a hinh vuong va khong nap day,
dugce thiét ké dé co thé tich 216 m?3 véi gia 5000 dong mdi m? day va 2500 dong
mdi m? cho mdi mat ben. Xac dinh kich thuéc hinh hop dé chi phi thap nhat.

Bai 1.4.10. S6 vé @ ban dugc clia mot hang xe buyt lien he véi gia vé P 1a
@Q = 10000 — 125P. Tim mtc gia P dé doanh thu dat tdi da.




CHUGONG 2

NGUYEN HAM VA TICH PHAN XAC DINH

2.1 Nguyén ham
2.1.1 Khai niém va tinh chat
2.1.2 Phuong phap tinh nguyén ham

2.1.3 Bai tap

Bai 2.1.1. Ching minh rang F(z) 13 mot nguyén ham cia f(x)

- z + In|sinz + cos x| cos T
a) Fz) = 2  J(@) = sinz + cosx’
b) Flw) = e+ VP TP, f(2) = <=
r)=In|r+ vzt +a“, J(T) = —m—.
=] W= T
Bai 2.1.2. Tinh céc tich phan bat dinh sau
a) T+ 1da: c) /x(l + 22)(1 + x)*dz.
N
cos 2x
cos? rsin” x

Bai 2.1.3. Tinh cac tich phan bat dinh sau

a) /x5\/ 23 + 1d. o) / e’ Ir
Ver+1

4$+1 dl’
b) /2x2+x—3dx' d)/ .
cos?2xy/1+ 3tanz

11




12 BAI TAP TOAN CAO CAP 2

Bai 2.1.4. Tinh cac tich phan bat dinh sau

N3 p 1+\‘7§d
Y [ ) [ T
dx r+1
b) /— d) | ——dx.
V2 +x+1 Va2 +ax+1

Bai 2.1.5. Tinh cac tich phan bat dinh sau
a) /xln(2x+1)d:€. c) /:L’Qexdx.

b) /(2:17 — 1) cos zdx. d) /ex sin zdx.

2.2 Tich phan xac dinh

2.2.1 Khai niém va tinh chat
2.2.2 Phuong phap tinh tich phan xac dinh

2.2.3 Bai tap

Bai 2.2.1. Tinh céac tich phan xac dinh sau

1 In2
a) / 2% (x + 1)da. c) / (1+e*)e %dx.
0 0
3 4 1
b) / (sinz + cosx — z)dw. d) / (avz + —=+ z)dx.
0 1 VT
Bai 2.2.2. Tinh céac tich phan xac dinh sau
1 224242 % sin 2z + 2cos? &
a) / ) dx. C) / - dx.
o (@+1)(z2+1) o sinx+cosx

3 5y + 4 % dx
b) / ———d. d) / NI IR
g T+ x—2 = sin“wcos*x

Bai 2.2.3. Tinh cac tich phan xac dinh sau
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In2

1 3
. c Ve — 1dr.

a) dx. )

0 V3rZ+1 0

b)/ V9 — 4a?dz. d)/ sin x cos® zdz.
0 0

Bai 2.2.4. Tinh cac tich phan xac dinh sau

3 °
a) / x cos 2zdx. c) / xIn® zdx.
0 1

1 e
b) / re®®d. d) / (22 + 1) Inzdx.
0 1
Bai 2.2.5. Ching minh rang
' sin® z ™ 3 dx ™
a) 1< [ ™ %z <e. b) — < <
0 16 = J, 5+4+3cos?z ~ 10
Bai 2.2.6. Tinh dao ham céc ham s6 sau
Y ot
0 o V1i+tt
Bai 2.2.7. Tinh cac tich phan sau
4 2 72
a) / |27 — 4 + 3|dz. ¢) | fx)dzvéi f(z) =
0 0 2—x
4 e
b) / 22 — 6z + 9dx. d) ) | Inz|dz.
2 c

2.3 Tich phan suy rong

2.3.1 Khai niém tich phan suy rong
2.3.2 Dau hiéu hoi tu
2.3.3 Bai tap

Bai 2.3.1. Tinh cac tich phan suy rong sau (néu hoi tu)

ntfu<z<li
nful<z<2
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+oo 0
a) / re Ydz. c) / re'dz.
0 —00

+oo g +oo g
b o d .
) /_oo 2?41 ) /2 rinx
Bai 2.3.2. Xét tinh hoi tu ctia cac tich phan sau
+oo 1 4 3:2 +00 e_zz
&) / 3 dx. C) / 5 dx.
1 z 1 x

+oo 2 +00
b) / (1 — oS —) dx. d) / cos xdz.
1 L 0

Bai 2.3.3. Tinh céc tich phan suy rong sau (néu hoi tu)

1 dx 2 x2
a . c — _dx.
)/0 i )/0 T
1 |
b) / rlnxdr. d) / —dzx.
0 17

2.4 Ap dung

2.4.1 Ap dung trong hinh hoc
2.4.2 Ap dung trong ki thuat
2.4.3 Ap dung trong kinh té

2.4.4 Bai tap

Bai 2.4.1. Tinh dién tich hinh phang dudc gidi han béi cac duong sau
a) Duong cong y = 22, dudng thang y = 4 vi dudng thang = = 0 véi z > 0.
b) Parabol y = 2% + 4 va dudng thang = — y + 4 = 0.

c¢) Do thi ham s6 y = 2% v& cac duong thang y =, y = 2.

1.2 2

d) Dudng elip St e= 1 v6i a,b > 0.
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Bai 2.4.2. Tinh thé tich cac vat thé tron xoay tao bdi hinh phing giéi han
béi cac duong sau khi quay quanh Oz va Oy

a) Do thi y =4 — 22 vi dudng thang y = 0.
b) Dudng cong zy = 4 va cac dudng thing y =0, 2 =1, z = 4.

Bai 2.4.3. Hay xac dinh cong P do lyc bién thien F(z) = 23 + ¢z khi dich

chuyén mot chat diém tit z = 1 dén = = 8.

Bai 2.4.4. Tim chi phi C(Q) biét ham can bién ctia chi phi 1a MC = Q + 10
va chi phi ¢ dinh C} = 1000.

Bai 2.4.5. Tim doanh thu R(Q) biét ham can bién ctia doanh thu la MR =
10Q va Q € [10,1000].




CHUONG 3

CHUOI VA PHUONG TRINH VI PHAN

3.1 Chuébi

3.1.1 Khai niém
3.1.2 Dau hiéu hoi tu
3.1.3 Bai tap

Bai 3.1.1. Tinh tong (néu c6) clia cac chudi s6 sau

00 o  2n+1
a . c
UPFTrEa) ) X e
oo 2”"’1 0o 1
b ) d
) n;(] 3" ) ngl 2n —1
Bai 3.1.2. Xét su hoi tu ctia cac chudi sbé sau
) >t ) > ——
a . c
n=1 2n+1 n=1 (n + 1)
o 14 cosmn oo (=1)"
) 2 n? d) 2. n—Inn

0 E (Y ) & i)

n= n=1

—_

16
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oo 3"n! o n2+5
) > Dyt
n=1 n=1

S g s
n=1 n2 + 1 n=1 n4n
by 5y B apa
n=1 2n —1 ‘ n=0 \/ﬁ

Bai 3.1.5. Tinh cac tong S(z) sau

3 a2

a) S(x):x+§+€+...

b) S(x) =1—2x+32% — 423+ ...

3.2 Phuong trinh vi phan

3.2.1 Phuong trinh vi phan cap 1
3.2.2 Phuong trinh vi phan cap 2

3.2.3 Bai tap

Bai 3.2.1. Ching minh rang

a) Ham s6 y = la nghiém tong quat ctia phuong trinh vi phan

1+Cx+1Inx
vy +y=1y’lnx.

b) Ham s6 y = sinz + 1 1a nghiém riéng ctia phuong trinh 3’ = cosz vdi diéu
kien dau y(0) = 1.
) 1 , . ,
¢) Ham s6 y = e*(a. cos 2z + b. sin 2z + 308 z) la nghiém tong quat ctia phuong
trinh vi phan y” — 2y + 5y = e® cos z.

Bai 3.2.2. Giai cac phuong trinh vi phan sau
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a) /1 —y2dz +yv1 — x2dy = 0. c) (22 +y?)dzx + vydy = 0.
b) zdx — y*dy = 0 véi y(0) = 3. d) zy = z.er +y véi y(1) = 0.

Bai 3.2.3. Giai cac phuong trinh vi phan sau

a) y + 2zy = 20~ c) y — 2xy = 323y
/ y 2
b)y—i—;zx. d) 2zyy’ —y* + 22 =0.

Bai 3.2.4. Giai cac phuong trinh vi phan sau

a) vy — 2y +y=0véiy(0) =2,y (0)=1.

b) v +4y =0 véi y(0) =0, ¥/ (0) = 2.

¢) ¥+ 3y =0 v6i y0) =0, y(3) =0.

d) v+ 3y +2y =0 vé6i y(0) =1, ¥/ (0) = —1.

Bai 3.2.5. Giai cac phuong trinh vi phan sau

a) y' — 3y + 2y =e*(3 —4x). ¢) ¥y +y=4xsinz.

b) 4" — 5y + 4y = we??. d) ¢ — 2y +y = ze®.

3.3 Phuong trinh sai phan

3.3.1 Khai niém co ban

3.3.2 Phuong trinh sai phan tuyén tinh véi hé s6 hing
3.3.3 Bai tap

Bai 3.3.1. Tim sai phan cap 1 ciia cdc ham sb sau

a) yr = 3t2. b) ye =t(t —1).

Bai 3.3.2. Giai cac phuong trinh sai phan sau
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a) yir1 — 2y = 0. ¢) Y41 — 3y = 0.

b) Y41 +ye = 0. d) ye1 + 4y = 0.

Bai 3.3.3. Giai cac phuong trinh sai phan sau

a) yer1 — 4yr = 4 vOi yg = 2. ) Yrr1 — ye = 3 V6i yo = 8.
b) 2yi11 = 6y — 3 v6i yo = 1. d) yes1 +ys =3 v6i yo = 4.
Bai 3.3.4. Giai cac phuong trinh sai phan sau

a) Yr2 — 21 +y =0 . C) Yito + 2yi41 + 4y = 0.
b) 2yt12 — 6ys1 +9=0. d) yer2 — 3yrr1 + 2y = 0,
Bai 3.3.5. Giai cac phuong trinh sai phan sau

a) Yir2 — Syr + 6y = 4", ) Yiv2 — dyer1 + 4y = 2",

b) 2yst2 + Byrr1 — 6y = 2. d) yero — 3yrr1 + 2y = 1.

3.4 Ap dung

3.4.1 Mot s6 ap dung trong khoa hoc tu nhién
3.4.2 Mot sé ap dung trong kinh té
3.4.3 Bai tap

Bai 3.4.1. Mot cong dong gom 1000 ca thé duge gia thiét 14 dong nhat trong
d6 6 10 ca thé vira tré vé tit mot cong dong khac mac phai mot loai dich
bénh. Gia st cong dong ban dau khong tiem ngita cin bénh dé va tat ca cac
ca thé déu c6 thé mic beénh. Khio sat thuc nghiém cho thay dich bénh c6
khuynh huéng lay lan theo téc do bang 0,5 lan tich sé ca thé mac bénh va
s6 ca thé khong méic benh. Hay xac dinh s6 ca thé méc bénh y(z) tai thoi

diém z = 10.

Bai 3.4.2. Mot chat thube duge dua vio mau véi mot tdéc do khong doi 0,5
ml/s va bi dao thai khéi co thé 6 mot tde do bang 0,2 lan ndng do ciia né

trong mau tai ciing thoi diém.
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a) Hay x4c dinh nong do z(t) ctia thude trong co the tai thoi diém ¢.
b) Tinh nong do ctia chat thubc trong mau tai thoi diém ¢ biét x(0) = 0.

Bai 3.4.3. Gia stt 1 phan t chat C dudc sinh ra khi két hgp 1 phan ti chat
A va 1 phan tt chat B va ngudc lai. Nong do ctia A va B ban dau lan lugt
13 2 mol/em® va 3 mol/cm?® va nong do chat C tai thoi diém t 1a z(t). Téc do
bién thién ctia nong do chat C bang 0,5 1an tich nong do clia chat A va chat
B tai thoi diém ¢. Hay xéc dinh nong do chat C tai thoi diém ¢ biét rang tai
thoi diém ban dau nong do chat C bing 0.

Bai 3.4.4. Biét rang toc do tang dan s6 clia mot dia phuong bang 2% s6 dan
tai thoi diém d6 va s6 dan tai thoi diém ban dau 1a 100,000 ngusi. Hay xac
dinh s6 dan ctia dia phuong dé tai thoi diém ¢.

Bai 3.4.5. Gia su lugng cung Qs va luong cau Qg ctia mot loai hang hoa tai
thaoi ki ¢ duge cho béi phuong trinh

Qa(t) =3 —p(t), Qs(t) = —2+4p(t).

Biét rang luong diéu chinh gia tir thoi ki nay sang thoi ki khac bang 0,1 lan
quy du trit theo chiéu ngugce lai. Hay xac dinh p(t) biét gia tai thoi ki ban dau
1a p(0) = 10.
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